Under the same spirit of the Galileon-Horndeski theories and their more modern extensions, the generalized SU (2) Proca theory was built by demanding that its action may be free of the Ostrogradski's instability. Nevertheless, the theory must also be free of other instability problems in order to ensure its viability. As a first approach to address this issue, we concentrate on a quite general variant of the theory and investigate the general conditions for the absence of ghost and gradient instabilities in the tensor sector without the need of resolving the dynamical background. The phenomenological interest of this approach as well as of the variant investigated lies on the possibility of building cosmological models driven solely by non-Abelian vector fields that may account for a successful description of both the early inflation and the late-time accelerated expansion of the universe.
I. INTRODUCTION
General Relativity (GR) is the most successful theory of gravity to date. On one hand, the theory has accounted for many fascinating phenomena in the local universe with extraordinary precision [1] [2] [3] [4] [5] [6] ; on the other hand, its degree of predictability makes it very appealing in light of future observations. The standard cosmological model, a remarkable achievement of both cosmologists and astronomers, has GR as its central pillar; however, it lacks of a convincing explanation for the current accelerated expansion of the universe driven by the, so called, dark energy [7] : that weird energy that keeps galaxies moving away from one another at large scales and that comprises almost 70% of the energy budget of the universe. Within the simple realization of the standard cosmological model, dark energy is assumed to be the cosmological constant Λ. There exists, nevertheless, an enormous discrepancy -some 120 orders of magnitude [7] -between the value predicted by quantum field theory and the one observed. Such a discrepancy has encouraged many theoreticians to propose alternative theories of gravity [8, 9] , including quantum versions of it [10, 11] ; even so, the dark energy problem continues to be an unsolved problem.
An interesting proposal, the so-called Galileon theory, was constructed with a scalar field as a gravitational degree of freedom in addition to the geometry. This scalar field enjoys a Galilean shift symmetry and derivative self interactions [12, 13] . The generalization of the covariant Galileon was reported shortly after in the literature [14, 15] as well as its vector counterpart, framed in what is called the generalized Proca theory [16] [17] [18] [19] [20] . The generalized Galileon theory is equivalent [21] to the Horndeski's theory proposed decades ago [22] . In contrast, the generalized Proca theory contains that formulated by Horndeski himself a coupled of years later [23] and that deals with an Abelian gauge field in curved spacetime. Both kinds of theories lead to second-order field equations in a four dimensional spacetime, this being a necessary condition to avoid the Ostrogradski instability [24] (see also Refs. [25, 26] ). Avoiding this instability has served as a guiding principle to formulate healthy extensions of GR. We refer the reader to the work in Ref. [27] for a comprehensive and recent review of scalar-tensor theories of gravity and to Ref. [28] for a general systematic approach in building field theories of gravity based on additional scalar, vector, and tensor fields, as well as for an exploration of their cosmological and astrophysical applications.
Further developments of this topic include the generalized Proca theory endowed with a global SU (2) symmetry [29] (see also Ref. [30] ). An interesting aspect of this theory is that the configuration of the non-Abelian vector fields is compatible with isotropic spacetimes due to the local isomorphism between the SO(3) and SU (2) groups of transformations. Such a configuration is described by a set of three space-like vector fields mutually orthogonal and of the same norm [31] . Thus, this cosmic triad turns out to be a natural arrangement inspired in successful ideas from particle physics.
Some interesting cosmological scenarios have been proposed based indeed on such a configuration for the vector fields [32] [33] [34] [35] [36] [37] 1 . However, with the exception of Refs. [39, 40] and some other works in progress [41, 42] , nothing has been done in the context of the generalized SU (2) Proca theory unlike its scalar and Abelian vector analogues.
On the other hand, stability aspects shape a fundamental issue for the construction of theoretically consistent models. This is then an inexorable examination one must perform for any gravity theory, even more if it involves extra gravitational degrees of freedom. For this reason, we concern about the stability criteria of the generalized SU (2) Proca theory. Thus, as a first approach to address this complex issue, we will focus on the tensor sector and investigate the general conditions for the avoidance of ghost and gradient instabilities for a quite general variant of the generalized SU (2) Proca Lagrangian. Namely, we will concentrate on the practical conditions that make the theory cosmologically viable.
The content of the paper has the following structure: Section II will be devoted to a general description of the generalized SU (2) Proca theory; we will also present here our arguments to establish a quite general variant that satisfies recent constraints [43, 44] and that could be useful to model the primordial inflation [41] as well as the late accelerated expansion of the universe [40] . In section III, we will define the tensor perturbations for the metric and vector fields and construct the second-order action for the tensor modes; then, we will assess the conditions to avoid ghost and gradient instabilities paying particular attention to analytical conditions for the coupling constants and without restricting the vector field dynamics; numerical computations will also be performed to visualize the general parameter space of the theory. Finally, we will discuss our results and present general remarks and perspectives of this work in section IV.
II. THE GENERALIZED SU (2) PROCA THEORY
A systematic approach to generalize the non-Abelian Proca theory in curved spacetime was elaborated in Ref. [29] by demanding both its action to lead to equations of motion involving only second-order derivatives and the theory to propagate the right number of degrees of freedom.
In the following, we will present the general Lagrangian of the theory under study containing up to two first-order derivatives of the vector field A a µ and up to six contracted space-time indices [29, 40] . Here Latin letters running from 1 to 3 and Greek letters running from 0 to 3 are respectively used for the SU (2) group and space-time indices. All possible quartic L 4 terms of the theory can be properly rewritten as linear combinations of the following Lagrangians:
where
, ∇ µ represents a space-time covariant derivative, R is the Ricci scalar, and R µνρσ is the Riemman tensor. It was found quite recently, however, that theories involving multiple vector fields propagate unphysical degrees of freedom unless the condition
is satisfied besides the usual vanishing of the determinant of the Hessian matrix [43, 44] . In the previous expression, L
Flat n is the flat space-time version of L n . Such a condition has an important impact on the generalized SU (2) Proca theory since the pieces L Extra terms corresponding exclusively to non-minimal couplings with gravity were also found in Ref. [29] but we shall consider only the one involving four fields contracted with the double dual Riemann tensor
4 has a protagonist role in possible scenarios for dark energy [40] and primordial inflation [41] so our reason for disregarding the other L Curv Lagrangian pieces found in Ref. [29] is that L
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is the only one whose structure is similar to that of L 1 4 : both of them contain four vector fields.
We will also consider L 2 which corresponds to a minimal covariantization of the general flat space-time Lagrangian of a non-Abelian SU (2) gauge theory whose symmetry may be spontaneously broken:
where f is an arbitrary function of the vector field A a µ , the gauge field strength tensor F a µν , and its Hodge dual 2 R, m P being the reduced Planck mass, will also be part of our study. Thus, the action to explore is
where g is the determinant of the metric tensor and α 1 , α Curv are coupling constants.
At this point, it is necessary to set the field configuration to describe completely the theory; for our purposes, we shall consider a homogeneous cosmic triad [31] which is fully compatible with a homogeneous and isotropic background. In short,
where φ(t) is the physical vector field and a(t) is the scale factor in the Friedmann-Lemaitre-RobertsonWalker (FLRW) metric whose line element in comoving Cartesian coordinates is ds
III. TENSOR PERTURBATIONS
We consider the tensor perturbation in the metric tensor
as well as for the perturbed SU (2) vector field
where h ij and t a i satisfy both the transverse and traceless conditions
Hence, the tensor sector is expressed in terms of four dynamical modes associated to the polarization states + and × for the metric and vector field as follows:
which can be oriented along the z-axis direction without loss of generality since modes of different momentum are not coupled to each other at this order in perturbations.
It is important to mention that, unlike theories not involving internal symmetries, e.g. Horndeski's theory and the generalized Proca theory, the inclusion of the global SU (2) symmetry in the vector field action renders the gravitational wave coupled to the vector field as a coupled oscillator. In particular when gravitational waves propagate through vector fields, their amplitudes are modulated by means of a redshift-dependent reduction. This effect is called gravitational wave-vector field oscillations [45] and was recently studied in the gauge quintessence model [46] which is based on a SU (2) gauge field. Interestingly, this effect could be seen in future gravitationalwave observations. Hence, it will be interesting to investigate in a future work such an effect in the framework of the generalized SU (2) Proca dark energy model [40] together with the restriction on the propagation speed of gravitational waves according to the LIGO/VIRGO observations [2] [3] [4] [5] .
A. Stability conditions for the tensor sector at the classical level
Imposing the positiveness of the kinetic matrix and squared propagation speeds, we shall be able to find some concrete relations and intervals of values for the coupling constants that constrain the theory. Such relations entail a suitable parameter space for the cosmological viability of the theory. In particular, we will focus as much as possible on those conditions that are valid for any dynamical behaviour of φ, making this approach totally independent of the background dynamics.
Ghost-free conditions
We remind the reader that, in a dynamical system, the ghost-like instabilities corresponds to the presence of negative kinetic energy terms for the dynamical degrees of freedom of the linearized perturbations 2 . Thus, building up a free-ghost theory demands a positive-definite kinetic matrix. In general, physical modes exhibit a scale dependence whereby stability must be guaranteed both in the short-wavelength and in the long-wavelength regime. This is an issue that modified theories of gravity are commonly faced with because of the introduction of additional gravitational degrees of freedom. Nevertheless, due to the plain form of the perturbed pieces of the generalized SU (2) Proca Lagrangian once the cosmic triad configuration and the FLRW background have been imposed, the tensor modes show no scale dependence whereby this aspect can be overlooked.
We start by writing out the quadratic kinetic action after integrating by parts the termsḧ +,× , containing the products of first-order time derivatives for the dynamical modes˙
where K is a 4 × 4 symmetric matrix whose dimension is determined by the number of degrees of freedom. The non-vanishing components are
Notice that we have written the elements of the kinetic matrix in a general fashion involving all the coupling constants. Such elements follow the simple form: N ×coupling constants×φ n where N is a rational number and 2 < n < 4 depending on the type of perturbation, i.e. purely metric n = 4, purely vector field n = 2 or mixed one n = 3. To ease the analysis we define the ratio between the coupling constants as d ≡ α Curv /α 1 and reabsorb m 4 P into φ 4 . We keep nonetheless the same notation for the scalar field φ for brevity.
We proceed now to compute the eigenvalues of the kinetic matrix resulting in two degenerate solutions which are associated with the two polarization states, one for the metric and the other for the vector field:
where the discriminant Λ is:
Let's first start this analysis by stating that λ + ≥ λ − . Hence, the main focus of this analysis lies on the requirement of the positiveness of λ − which leads to
Other conditions, not reported here, are possible but they are complicated enough and put quite severe constraints on the dynamics of the scalar field. Nevertheless, for the sake of generality, we will take into account all the possible conditions in the next Subsection in order to plot the final parameter space once the respective conditions for the absence of gradient instabilities are imposed.
Gradient-instability-free conditions
We proceed now by examining the conditions for the absence of Laplacian/gradient instabilities as complementary conditions to those for a ghost-free theory. To do so, we seek for products of first-order spatial derivatives for pure and mixed degrees of freedom. Then, after expanding each piece of the generalized SU (2) Proca Lagrangian up to second order in tensor perturbations and integrating by parts the terms ∂ 2 h +,× and ∂ 2 t +,× , the action containing those contributions encoded in the Laplacian L matrix gets expressed in the form
The components of the symmetric Laplacian matrix follow the same structure encountered when analyzing the kinetic matrix K since they are sourced by the same type of perturbations:
As for the K matrix structure, these components can be clearly viewed as a deviation from the standard contributions of Einstein-Hilbert and Yang-Mills tensor modes, which both propagate at the speed of light. The physical reason for such modifications are, clearly, the selfinteractions of the vector field and its non-minimal coupling to gravity.
We do not identify any contribution from L
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to this action up to second order in perturbations. In addition, it is worth observing the coupling between the vector and metric tensor modes through the mixed terms L 12 and L 21 as happens for the kinetic matrix.
The squared propagation speeds follow the dispersion relation det(c 2 T K − L) = 0 in a non trivial way. Hence we require that c 2 T± > 0 at high enough frequencies to ensure oscillating solutions of the linearized perturbation equations of the tensor modes. Thus, the exact expressions for the squared sound speeds are
Unexpectedly, we find that if L
does not contribute, i.e. d = 0, one tensor mode yields c 2 T = 1, without imposing any condition. This appealing realization arises due to some conspiring cancellation of the tensor modes: the effects of modified gravity are somehow counteracted by those of the vector field perturbations. For the second mode we note that there is a minimum c 2 T+ = 1 around φ = 0. However, for very small enough values of α 1 , this minimum value is also applicable to a much more ample spectrum of values for φ.
Before proceeding, let's first make a short comment about another crucial issue at fundamental level. Aside from imposing the conditions for the absence of ghosts and Laplacian instabilities, one should be worried about superluminal propagation of the metric and field fluctuations which could, in principle, violate causality. Nevertheless, it has been shown that superluminal propagation not necessarily leads to the appearance of closed (timelike) causal curves [48] . In other words, in spite of the presence of superluminal signals, causality may be preserved due to non-trivial backgrounds and fields. We do not enter however in this discussion and prefer to tackle this subject separately in a future publication such as has been done, for example, for the bi-and multi-Galileon models [49, 50] .
Turning now to the central discussion, Eq. (23) tells us that the dynamics-independent condition for the absence of gradient instabilities, i.e. for c 2 s± > 0, is weaker than that required for the absence of ghost instabilities and reported in Eq. (17) . We note that there exist some other possibilities for c 2 s± > 0 which impose quite serious constraints on the φ behaviour. We anticipate the serious concern of whether those other possibilities are consistent with the dynamical evolution of the background. Tough we have assumed in this work a different approach to constrain this theory, i.e. without solving the dynamic evolution, we expect a successful scenario for either very small values of α 1 , which admit a larger parameter space in the plane φ, d, or α 1 1 together with the constraint in Eq. (17) . These statements are better illustrated through numerical computations in the next section.
It is interesting to see that clear constraints on the coupling constants of the pieces of the generalized SU (2) Proca Lagrangian have been derived from a mere analysis of the tensor sector, without specifying the background evolution. Thus far, we have gained valuable information on the coupling constants at relatively low cost due to the simple structure of the tensor modes at second order in perturbations at the level of the action.
B. Numerical results
After applying the criteria for the avoidance of ghost and gradient instabilities, we plot in Fig. 1 the resulting conditions that represent the suitable parameter space. We can readily see that the analytical results found before are contained in this plot and correspond to the general representation of the parameter space as we advertised. We also note that the conditions for the absence of ghost instabilities are more severe and hence dominate the overall parameter space.
As a general feature of this result, we note that those other solutions mentioned in the previous Subsection are encoded in the horizontal wedge centered at φ = 0 and their explicit expressions depend on cumbersome combinations of α 1 , d and φ. Indeed, for very small values of α 1 , the parameter space is larger in the φ, d plane (see Figs. 2 and 3) . That is to say that keeping the dynamics of the vector field rather free, the theory turns out to be phenomenologically appealing.
Asymptotic limit for φ
We speculate that the energy density associated to φ can strongly dominate as the universe evolves so as to produce a significant accelerated expansion. Thereby we are allowed to assume that the field may play the distinguished role of the dark energy [40] or of the inflaton field [41] . Let's consider as an useful approach the asymptotic value of the vector field φ → ±∞ once the universe has evolved. As a consequence, we find the reduced form
Overall parameter space where the ghostfree/Laplacian-instability-free conditions are satisfied.
λ ± = η ± |η| for the eigenvalues and the reduced expressions for the squared propagation speeds as follows
with Ξ ≡ 5α
We can observe the impossibility of having simultaneously λ ± > 0 whereby it is necessary to relax one (necessary) condition and set λ − = 0. This result, of course, does not guarantee a positive kinetic energy for the metric tensor modes. Therefore, a more robust condition must be added. Accordingly, the parameter space is dominated as before by the conditions that guarantee the absence of ghost instabilities, namely −0.37 d 2.24.
One can check as a simple examination that when φ → 0, the Einstein Yang-Mills theory is recovered. This setup entails λ − = 1/4 and λ + = 1 for the gravitational field and gauge field respectively, with the two tensor modes propagating at the speed of light c 2 T± = 1.
IV. DISCUSSION AND CONCLUSIONS
A fundamental issue that any theory of gravity has to face is the possible presence of instability problems known as ghost and gradient instabilities. This issue, together with the gravity waves speed, is the most important criteria to constrain theories like Horndeski's or the generalized Proca at the fundamental level. In this paper, we have approached this delicate aspect aiming at inquiring about the cosmological viability of the generalized SU (2) Proca theory [29] . As a first step, we have concentrated our attention on the tensor sector which, unlike its scalar and vector analogues, can be treated independently of the background dynamics under certain feasible conditions. To do so, we have implemented the following procedure: first, we have proposed to study the action in Eq. (5) assuming that it may play an important role in the evolution of the universe with no specification of the background evolution; second, we have found the general conditions for the absence of ghost and gradient instabilities in the tensor sector to render the theory phenomenologically viable; from here we have derived an analytical solution, Eq. (17) , that applies in most situ- respectively.
ations and that define the suitable parameter space in a simpler manner; and third, and for the sake of generality, we have numerically obtained the general conditions and verified the analytical results previously found. The asymptotic value of the vector field φ → ±∞ was always considered to examine in a clearer way the stability conditions. Our results show that the absence of instabilities for the tensor perturbations already constrains in an important way the parameter space of the theory. We will leave for a future work the analysis of the possible instabilities in the scalar and vector perturbations.
It is worth pointing out that, according to the constraints in Eq. (17) , the dark energy model of Ref. [40] is free of ghost and Laplacian instabilities. This is be-cause this model is identical to the one studied in this paper except for the L Curv 4 contribution, which makes d = 0, requiring in turn α 1 > 0 for the emergence of the late accelerated expansion mechanism.
Thus, we have provided an instructive guidance that can be implemented in cosmological scenarios based on SU (2) vector fields. It remains, however, to check whether our results are consistent with the LIGO/VIRGO observations [2] [3] [4] [5] of gravitational waves for dark energy models. It will be also interesting to investigate the effect of gravitational wave-vector field oscillations [45, 46] in the framework of the generalized SU (2) Proca theory. This appealing feature opens up the possibility of new searches in light of future experiments on gravitational waves aiming at detecting new phenomena.
Superluminal propagation of the fluctuations in the generalized SU (2) Proca theory is permitted as in many modified theories of gravity with non trivial backgrounds and extra degrees of freedom (see e.g. Ref. [48] ). Hence, causality is another unavoidable issue we will have to address in the future to ensure the cosmological viability of this theory at the fundamental level.
We can finally conclude that these results represent the first progress towards constraining this theory from observations and theoretical arguments and constitute an important insight for building cosmological model based on non-Abelian vector fields.
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